This paper presents a continuum design sensitivity analysis (DSA) and optimization of high frequency radiation problems using the Energy Finite Element Method (EFEM) and Energy Boundary Element Method (EBEM). The noise radiated from the vibrating structure at a high frequency range is obtained through a sequential procedure. The structural EFEM calculates structural energy distribution, which is then used as the boundary condition for EBEM to calculate the energy density at a far-field observation point. For DSA, the direct differentiation method calculates the sensitivity of the exterior noise through the sensitivity of the structural energy density obtained from EFEM. The adjoint variable method calculates the adjoint load from an acoustic EBEM re-analysis, and the adjoint response is obtained from a structural EFEM re-analysis. The sensitivity information is obtained by carrying out numerical integration only on the structural FE part. The proposed DSA approach has been applied in the design of automotive and naval structures to search for the best material layout to achieve lowest noise level at high frequency. 
I. Introduction
The objective of this paper is to present an analytical approach for the design sensitivity analysis of structureinduced sound and vibration at a high frequency range to design structural systems with desirable acoustic performance while minimizing the mass of the structure. To this end, the Energy Finite Element Method (EFEM) and Energy Boundary Element Method (EBEM) are used to predict the noise radiated from a vibrating structure and continuum design sensitivity analysis is developed for a sequential EFEM-EBEM procedure for parametric design variables, such as the thickness and material property of a structural plate to evaluate design sensitivity information at the current design and study the potential design change for an optimum design.
The reason that the EFEM and EBEM are used for high frequency structural-acoustic analysis over the traditional Finite Element Method (FEM) [1] [2] [3] and Boundary Element Method (BEM) [4] [5] [6] is because that the FEM and BEM are proved to be only suitable for structural-acoustic problems at low frequency range. Since the structural or acoustic domain is discretized in finite elements or boundary elements for FEM or BEM, the element size should be small enough to accurately capture the wave propagation through the structural or acoustic domain. Atalla and Bernhard [7] presented a complete comparison of FEM and BEM in low frequency structural-acoustic analysis, and they recommended that at least six linear elements or three quadratic elements be required per wavelength for an accurate analysis. From their research, it is commonly agreed that FEM and BEM would only be suitable for a given problem with a maximum frequency of 200 Hz.
Statistical Energy Analysis (SEA) is an alternative to analyze the response of vibrational structures [8] [9] [10] at high frequency. According to SEA, the structural system is divided into subsystems with similar energy modes and the power balance equation is solved to obtain the lumped energy carried by each subsystem. The biggest drawback for 2 American Institute of Aeronautics and Astronautics SEA is that the variation of energy response cannot be predicted and design variables do not appear in the governing equation of SEA, so it is not a preferred analysis tool from a design point of view.
The Energy Finite Element Method (EFEM) is the application of finite element techniques in power balance equation to obtain a localized time-and space-averaged energy density solution [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Since energy conservation is imposed locally in power flow analysis, it is possible to represent the structural geometry in detail, which is critical from a design point of view. The response variable (energy density) is not continuous across structural junctions and structural-acoustic interfaces in EFEM. In order to assemble different structural components (rod, beam, membrane, plate, etc.) and to place an acoustic medium into built-up structures, a coupling matrix method was developed [16, 17] in which the structural-structural and structural-acoustic power transfer coefficients [20, 21] are used to consider power flow conservation between coupled structural components and structural-acoustic interfaces. The effect of fluid loading on structural vibration at a high frequency is investigated by Zhang et al. [22] and as a result, the power flow governing differential equation is modified to consider the fluid effect and the application of EFEM is extended to vibrating structure immersed in dense fluid, i.e., naval engineering.
Energy finite element method has been successfully applied to various engineering problems. Vlahopoulos et al. [23, 24] validated EFEM by applying it to a complex ship structure and comparing the EFEM results to SEA and a very refined FEM results. Wang [25] used a degenerated version of EFEM to analyze the cabin of a heavy-duty truck.
Since the EFEM still requires the discretization of the 3-D acoustic domain, it is not a favorite choice for radiation analysis where the domain is infinite. For the high frequency radiation problem, Wang et al. [26] developed an energy boundary element formulation using an acoustic energy corollary. The boundary condition of the Energy Boundary Element Method (EBEM), which is energy intensity on the structural surface, can be obtained either from a structural energy finite element analysis, or by being measured through experiments. This method is applied in the analysis of the radiation of an undersea ship in water [26] . The EFEM and EBEM constitute a sequential procedure: a structural EFEM solves the structural energy density and the power radiation from the structure, which will be used as a boundary condition of EBEM to compute the radiated far-file noise.
In contrast to the many research efforts in the design sensitivity analysis (DSA) of low frequency structuralacoustic problems using FEM and BEM [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , DSA of high frequency structural-acoustic problems has not been touched until Kim et al. [39] proposed a design sensitivity formulation for structural systems using EFEM. In Kim's research, the structural-acoustic relationship was not addressed until Choi and Dong developed detailed derivations of the parametric design sensitivity formulation for the structural-acoustic coupled problem [40, 41] .
Using the DSA formulation developed by Choi and Dong for EFEM [40, 41] , the high frequency radiation noise calculated by a sequential EFEM-EBEM procedure can be obtained from either a direct differentiation or an adjoint variable method: the direct differentiation method calculates the sensitivity of the radiation noise through the sensitivity of the structural energy density obtained from EFEM. The adjoint variable method calculates the adjoint load from an acoustic EBEM re-analysis, and the adjoint response is obtained from a structural EFEM re-analysis. The sensitivity information is obtained by carrying out numerical integration only on the structural FE part. Both methods present excellent numerical accuracy as well as computational efficiency compared with the finite difference approaches.
II. Theoretical Background

Energy Finite Element Method
The governing equation of EFEM is derived for the time-and space-averaged energy density e as [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] In the governing equation (1), η is the local material hysteresis damping factor, c g is the group speed, and ω is the excitation radian frequency. On the right side of the equation, π is the power density input to the system. The first term on the left side represents the transmitted power from the local system to the outside and adjacent systems, whereas the second term on the left side represents the time-and space-averaged dissipated power inside the local system. Equation (1) explains energy conservation in a local system: energy flow into the structure is equal to the energy that dissipates in the structure plus the energy flow across the boundaries. This formula can be applied to both structural and acoustic wave motion in similar forms. For a complex structural-acoustic system, the energy density e is not continuous on the geometric and material discontinuities. However, the energy flow remains 
In Eq. (2), the subscript "s" is used to indicate the energy density on the structural domain, Z s is the kinematically admissible energy space, and the subscript "u" indicates the design dependency of the energy terms. Among the energy terms, a u (•,•) is the energy bilinear form, ℓ u (•) is the load linear form, and b u (•,•) is the coupling term between structural sub-domains. The coupling term is difficult to express in continuum form, but a structuralstructural coupling matrix J ss can be constructed to express b(•,•) in discrete form as
Discretization of the variational Eq. (2) leads to the system equation of EFEM as
Solution of Eq. (4) yields E s , the nodal energy density vector on the structure. Since the coupling matrices J ss is constructed from structural-structural power transfer coefficients, which are un-symmetric due to the power transfer natures between structural components, the system equation is un-symmetric. The expressions of the energy bilinear form a u (•,•), coupling term b u (•,•), the load linear form ℓ u (•) and the expressions of the structural stiffness matrices K s and structural-structural coupling matrix J ss can be found in Choi and Dong [40, 41] .
Energy Boundary Element Method
The basic integral equation of the EBEM formulation is derived from the acoustic energy corollary [26] . Consider an acoustic medium with volume V which encloses some acoustic energy sources, the area surrounding the volume V is S as shown in Fig. 1 , and I is the acoustic energy intensity on the boundary S in the acoustic medium, then the total time-averaged acoustic power P radiated by the energy sources can be obtained by the following integral equation:
where n is the unit normal vector pointing out of the volume.
Consider a spherical energy source with strength σ located at a field point x, the time-averaged energy density and the time-averaged energy intensity at an arbitrary field point x 0 due to this acoustic energy source can be calculated by the following equation
where u(x,x 0 ) is the unit normal vector pointing from point x to x 0 ; G(x,x 0 ) and H(x,x 0 ) are the corresponding Green's functions for the time-averaged acoustic energy density and the time-averaged acoustic energy intensity in the free field, and ( 
where c 0 is the air speed in the acoustic medium, ρ 0 is the acoustic mass density, k is the acoustic wave number, and r(x,x 0 ) is the distance from the acoustic energy source to the field point. The above equation can be extended from a single energy source to a group of incoherent acoustic energy sources, which then constitutes the governing equation of EBEM. For an arbitrary structure bounded by a surface S in an infinite acoustic medium, if the surface can be divided into quadrilateral and triangular elements and each element acts as an incoherent acoustic energy source with strength σ j (j=1,2,3,NBE), then the time-averaged acoustic energy density and acoustic energy intensity at a general field point x 0 in the space outside of the structure can be calculated by the superposition of the Eqs. (8) and (9) for each energy source as
In above equations, NBE is the number of elements on the surface, A j is the area of the j-th element, y is an arbitrary point on the j-th element, u(y,x 0 ) is the unit normal vector pointing from point y to the field point x 0 . Since the energy strength σ j is supposed to be constant on a given element, it can be brought outside of the integral with the area A j . The above equations can be written in continuum forms as If the field point x 0 is located on the surface, then Eq. (11) can be used to calculate the acoustic energy intensity of each element on the surface. For example, if the field point x 0 is evaluated at an arbitrary point z inside the i-th element, the energy intensity at this point z can be calculated by substituting x 0 in Eq. (11) 
Once the energy intensity of an acoustic energy source σ i of the i-th element on the surface is known, the acoustic power radiated from this energy source into the acoustic medium can be obtained from Eq. (5) as
where P i is the acoustic power radiated by the i-th element. Substitution of Eq. (14) into Eq. (15) leads to
If we write the acoustic power P radiated from each element and the acoustic energy strength σ of each element in vector forms as
then Eq. (16) can be rewritten in matrix form as = Hσ P (19) where matrix H is defined as the stiffness matrix of EBEM, and its component is derived from Eq. (16) as
The numerical evaluation of H ij can be obtained by applying Gaussian Quadrature in Eq. (20) . However, the diagonal terms of matrix H when i=j can not be computed by the above equation since there is a singularity occurring in the Green's function in Eq. (9) when r(x,x 0 ) = 0. In order to overcome this singularity, Wang [26] pointed out that for a spherical energy source with strength σ, the power radiated by the energy source could be calculated by The power associated with the acoustic energy source distributed over an element through one side of the element surface is one-half of the total power Π. In order to solve the acoustic energy strength in Eq. (19) , the acoustic power radiated from each element needs to be identified from EFEM analysis. As discussed in the previous chapters, the solution of the EFEM will yield the energy density on the structural domain. Therefore, the acoustic power radiated from the structure to the acoustic medium can be obtained by
where η rad is the radiation damping, which is a function of the structural mass density, panel thickness and geometry and the acoustic wave number k, and can be calculated by
The parameter α is added to the structural mass density ρ s to represent the effective mass density effect, which can be calculated as [22] 
where f c is defined as the coincidence frequency at which the structural bending wave number k sB coincides with the acoustic wave number k. In Eq. (25), σ rad is the radiation efficiency, which quantifies the interaction between the structural bending wave and the acoustic wave, and can be calculated by [42] :
where r=a/b is the ratio between the characteristic length a and b of the plate, =k f /k is the wave number ratio, and λ c =c/f c is the acoustic wavelength at the coincidence frequency.
A conversion matrix W between the nodal bending energy density E sB on the structure and the acoustic power P radiated on each structural element can be established as sB = P WE (28) where the component of the conversion matrix is calculated by
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Combining Eq. (19) with Eq. (28), the governing equation of EBEM can be set up as sB = Hσ WE (30) or in continuum form as ( ) ( )
where h(•) and w(•) are linear integral form in terms of the acoustic energy strength and the structural bending energy density respectively. The solution of Eqs. (30) or (31) then leads to the acoustic source strength for each element on the surface. Therefore, Eqs. (10) and (11) can be readily applied to compute the time-averaged energy density and energy intensity for an arbitrary field point in the free field. Finally, the time-averaged acoustic energy density and energy intensity can be expressed in discrete forms, respectively, as
and the components of vector S and matrix M are derived from Eqs. (10) and (11) as
It is shown that the EFEM-EBEM constitutes a sequential numerical procedure, where the output of EFEM is used to compute the boundary condition for the EBEM. The EBEM is divided into two steps: the first step is to construct the boundary condition using the results from EFEM and solve the acoustic energy strength on the surface; the second step is to calculate the acoustic energy density and acoustic energy intensity in the far-field point in the infinite acoustic domain.
III. Design Sensitivity Analysis
Direct Differentiation Method
For a given structural-acoustic performance measure which can be written in a integral form of the timeaveraged acoustic energy density e and acoustic energy intensity I in the far-field point as the following
its variation with respect to the design variable u can be obtained as , ,
g g e g e g g d
where the first-order variation of the energy density e is defined as ( )
;
8 American Institute of Aeronautics and Astronautics when the design variable u is perturbed in the direction δu with the amount εδu. For the structural EFEM, the firstorder variation of the structural energy density e s can be obtained directly from differentiating the variational Eq. (2) with respect to the parametric design variables as
e e e e e e e e e , (12) and (13) do not explicitly depend on the structural design, the design sensitivity of the energy density and energy intensity at the exterior field point can be obtained by directly differentiating Eqs. (12) and (13) as
where σ′ is the derivative of the acoustic energy strength on the structural boundary elements, and it can be obtained from the differentiation of the governing equation (31) of EBEM as ( )
; ;
where is the variation of the integral form w(•) with respect to the design variable u. For the structural damping design variable, vanishes, whereas for the structural thickness design variable, is
and the expression of δη rad is derived by Choi and Dong [40] [41] .
Substitute Eqs. (40)- (43) into Eq. (37), the sensitivity of the performance measure can be obtained as ( ) 
Equation (44) provides the expression to calculate the sensitivity of the performance measure in terms of the sensitivity of the structural energy density for the direct differentiation method. The solution of the sensitivity of the energy density from EFEM in Eq. (39) then can be substituted into the above equation to get the sensitivity information of an arbitrary structural-acoustic performance measure in Eq. (36).
Adjoint Variable Method
While the direct differentiation method calculates the sensitivity information through the sensitivity of the structural energy density from EFEM, the adjoint variable method can achieve the same goal by defining an adjoint equation with the adjoint load from the right side of Eq. (44) that are implicitly dependent on the design variables 
Since the sensitivity of the performance measure needs the sensitivity of the structural bending energy density, it can be extended to the total structural energy density simply using a Boolean operation for all the integral forms. As a result, the sensitivity in Eq. (44) can be rewritten as ( ) 
In the above equation, the explicitly dependent terms from EFEM such as ( )
have been discussed extensively in Choi and Dong [40, 41] for analytical design components, such as structural plates.
Since the conversion integral w(•) is also dependent of the structural design parameters, the calculation of the variation of the conversion integral will only involve the structural EFEM model, such that the above sensitivity equation is shown to be an numerical integration variation on the structural model only. Although the adjoint load computation will need the information of the acoustic EBEM model information, the final design sensitivity result is carried on the numerical integration only on the structural part. 
Direct Differentiation Method
After applying Gaussian quadrature to all integral forms, the matrix equation to solve for the elemental acoustic energy strength is obtained as
and the time-averaged acoustic energy density and acoustic energy intensity in the far-field point x 0 can be obtained using Eqs. (32) and (33 
The calculation of the fictitious load vector F fic can be found in Choi and Dong [40, 41] for the parametric design variables. Finally, the variation of the acoustic energy density and acoustic energy intensity can be calculated by discretization of Eqs. (40) and (41) as
Substitution of Eqs. (52)- (55) into Eq. (37) and implementing numerical integration give the sensitivity of the performance measure.
Adjoint Variable Method
Since the computation of the adjoint load vector for the adjoint variable method depends on the system matrix of both structural EFEM and acoustic EBEM, two separate steps can be used to get the adjoint load vector. First, four separate acoustic adjoint load vectors are defined on an acoustic adjoint re-analysis as
,
where the acoustic adjoint loads are obtained from the acoustic geometry and the location of the exterior field point 
After solving the structural adjoint response Λ s at the nodal points, the finite element approximation of the variation of the structural energy bilinear form, structural-structural coupling term and load linear form, the variation of the conversion matrix developed in the previous sections can be applied to derive the variation of the performance measure in the discrete form as
:
From the definition of the acoustic adjoint load vectors in Eqs. (56) and (57), it is shown that as long as the geometry of the boundary element model holds fixed, the acoustic adjoint load vectors, thus the acoustic adjoint responses remain unchanged. This provides great advantages for the parametric design optimization of the structural-acoustic model, since as long as the structural geometry does not change, the parametric design variables such as panel thickness and material damping will not influence the computation of the acoustic loads and acoustic adjoint responses. However, the structural adjoint loads are denpendent on structural designs through the conversion matrix W. As a result, Eqs. (58)-(60) need to be evaluated at each design iteration in a sizing design optimization process.
V. Numerical Examples
Design Sensitivity Analysis of Radiation of Simplified Van Model In Air
Radiated noise from vibrating structure to the exterior domain is as important as the interior noise since it generates noise pollution. The exterior noise radiated from vibrating vehicle structure is one of the most common radiation problems to study. To design vehicle structure such that the radiated noise level is controlled under regulatory limit is one of the most important tasks for NVH design. A practical application of EFEM-EBEM is to design a vehicle structure with optimized NVH performance and ride quality at high frequency. For this purpose, a simplified passenger vehicle model is constructed and studied (Fig. 2) . The corresponding EFEM model (Fig. 3) is comprised of 118 structural plate elements, which are integrated through 56 structural-structural joints. An analytical method developed by Langley and Heron [21] is used to compute the power transfer coefficients between plate members and the radiation efficiency method is used to compute the power transfer coefficients between plate members and acoustic domain. A structural EFEM analysis is performed first without considering the interior acoustic domain to obtain the structural energy density distribution. Since the structural model does not have any inner part, the acoustic energy boundary element model is the same as the structural finite element model in Fig. 3 . A recovery point P 0 is chosen to be located in front of the vehicle with a coordinate at (8.0, −0.5, 0.5) as shown in Fig. 2 . An acoustic EBEM analysis following the structural EFEM analysis predicts the noise level at the recovery point is 70.1 dB in air. The proposed adjoint design sensitivity method is carried out to study the sensitivity effect of structural designs on the radiated noise. Thickness and damping of each structural panel are selected as design variables and 1% of the initial design is perturbed where central finite difference method is used to verify the sensitivity coefficients. The comparisons of the results from the proposed design sensitivity method and central finite difference method are shown in Table 1 for   12 American Institute of Aeronautics and Astronautics thickness and damping design variable respectively. An excellent agreement is observed between these two sets of numerical results, which prove the accuracy of the proposed design sensitivity method. 
Figure 2 Recovery Point in Exterior Domain of Simplified Van Model
The sensitivity information shown in Table1 presents the different effects of the structural designs on the noise level at the recovery point P 0 . All the damping designs have negative contributions to the radiated noise, and most of the thickness designs also have negative contributions, except panel 2 and 3, which have positive sensitivity coefficients, which means, the increase of the thickness in panel 2 and 3 will not help reduce the radiated noise at P 0 , but instead increase it.
To better understand the sensitivity results, the sensitivity coefficients of the noise level at the recovery point P 0 with respect to the element thickness and damping factors are calculated and the results are plotted in Fig. 4 and Fig.  5 . It clearly explains that the structural damping always has negative effect on the noise radiation, no matter interior or exterior noise. Increasing structural damping will always help noise reduction. Compared with the damping design, contribution from the thickness design to the noise radiation is significantly different considering the location of the recovery point and the role of each structural panel in the total energy flow in the structure. 
American Institute of Aeronautics and Astronautics
Figure 5 Design Sensitivity Plot of Radiated Noise With Repsect to Element Damping Design for Simplified Van Model
Design Sensitivity Analysis of Underwater Radiation of Undersea Vehicle Model
High frequency noise radiation also plays an important role in naval structures as in automotive and aerospace structures. For example, how to reduce the noise radiated from a vibrating undersea ship to make it avoid being traced and identified is an attractive topic in naval structure design. To this end, a small undersea vehicle model is constructed and the noise radiation in water is analyzed. The vehicle model is 6.0 m long, and the maximum inner diameter is 0.522 m. The thickness of the vehicle skin is 10 mm, and all of the 4 bulkheads have the same thickness of 25.4 mm. The energy finite element model (Fig. 6) is comprised of 1744 nodes and 1060 elements. There are totally 590 structural joints in the model. The structural parts have the material properties with Young's modulus E = 70 GPa, Poisson's ratio ν = 0.3, mass density ρ = 2,700 kg/m 3 , and hysteresis damping factor η = 0.01. Water is the fluid with which the undersea model interacts, which has mass density ρ 0 = 1,000 kg/m 3 , wave speed c 0 = 1,500 m/s and hysteresis damping factor η = 0.001.
Figure 6 Energy Finite Element Model of Small Undersea Vehicle Model
Because of the differences of the acoustic wave numbers and the effective structural mass density of the structural plate in light fluid (air) and dense fluid (water), the radiation damping, which represents the capacity of the structural plates to radiate acoustic energy, will be different in dense fluid compared to that in light fluid. For example, for an aluminum plate with the dimension of 1m×1m×0.001m, its radiation damping in both air and water can be computed using Eq. (25) and the Leppington method (Eq. 27) for radiation efficiency in the frequency range between 100 Hz to 10000 Hz and compared in Fig. 7 . Since the radiation damping is included in the governing equation of the structural bending power flow [22] , the difference in the radiation damping could have large effect on the governing equation of the structural vibration. For example, the radiation damping of the aluminum plate is ranging from 0.002~0.0025 in water, which is about 20~25% of its original hysteresis damping of the bending motion. However, the radiation damping in air is less than 0.00025, which is not comparable to the original damping of structural bending motion, and its contribution will be much smaller than that in water. 
Figure 7 Radiation Damping of Aluminum Plate in Air and Water
In addition to the radiation damping, the existence of the dense fluid could affect the power transfer coefficients between the structural panels significantly. The effective structural mass density ρ s , the bending wave number k sB and the bending group speed c gB for the structural plates in dense fluid, which are characterized by parameter α in Eq. (26) , are included in the analytical method proposed by Langley and Heron [21] to compute power transfer coefficients for structural plates in dense fluid [22] . 
Figure 8 Power Transfer Coefficients of Two Angled Plates in Vacuum, Air and Water
The undersea vehicle model can be divided into 11 substructures as shown in Fig. 6 . Axi-symmetric excitation is applied in the middle of substructure 5. The structural energy distribution at frequency f = 2000 Hz is plotted in Fig.  9 , from which we can see that most of the energy gather around substructure 5, and the 4 bulkheads can be used to isolate the energy flow between the substructures.
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Figure 11 Exterior Noise Recovery Position of Small Undersea Vehicle Model
While the energy finite element model consists both inner parts and outer parts, the energy boundary element model only consists the outer parts of the structural model (Fig. 10) . The structural energy density is converted to the power flow on each structural element, which is then used as the boundary condition to solve for the acoustic energy strength for each boundary element. At the end, the radiated noise at an arbitrary exterior point can be computed by using Green's function. To predict the exterior radiation noise by the vibrating vehicle model, a series of points with distance 100 m from the center of the vehicle model is selected as recovery points as shown in Fig. 11 . Since the model and excitation are axi-symmetric, all the points on the circle in Fig. 11 will have the same noise level. Therefore, the noise level on the entire circle can be represented by only one point, for example, point P 0 . Furthermore, if each substructure of the vehicle model can be considered as a design component, the design sensitivity coefficients of the noise level on the entire circle will also be equivalent to the design sensitivity coefficients of the noise level on point P 0 . As a result of the radiation analysis using EFEM-EBEM, the noise level at the circle is predicted at 118.87 dB when f = 2000 Hz. Following the design sensitivity analysis procedure discussed above, the sensitivity coefficients of the noise level with respect to the thickness and damping factor of each substructure are calculated and summarized in Table 2 . Without exception, all the damping factors have negative sensitivity coefficients. For the thickness design, thicknesses of substructure 1 through 7 have positive coefficients. Among the 4 bulkheads, substructure 9 has positive sensitivity coefficients while all the other three have negative sensitivity coefficients. It shows that at the current design, increase damping of each structural panel and increase thickness of substructure 1 through 7 and 9, while decrease thickness of other substructures is the appropriate way to reduce the noise radiated at the points of interest. 118.872448 118.872112 -0.168031E+01 -0.168031E+01 100.00
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Figures 12 and 13 plot the design sensitivity coefficients of the exterior noise level with respect to the element thickness and damping design variables respectively. In Fig. 12 , black color stands for maximum positive sensitivity coefficients, while white color stands for negative sensitivity coefficients. Substructure 5 has the highest positive sensitivity coefficients, and substructures 8, 10, 11 have negative sensitivity coefficients. The results are consistent with the numerical results in Table 2 . In Fig. 13 , all the sensitivity coefficients are negative, with black color stands for larger sensitivity value, white color stands for smaller sensitivity value. It is shown that the substructure 5 has the highest negative contribution to the exterior noise level, which is followed by the other substructures and bulkheads. With the graphic information in Figs. 12 and 13 along with the tabular results in Table 2 , a design engineer will be able to know how to perturb the initial design to achieve a better and eventually an optimum design for best NVH performance with least usage of material. 
Multi-Objective Design Optimization of Underwater Noise Reduction
In this section, a design optimization problem is formulated and solved for the undersea vehicle model. The DSA formulation derived in the previous sections will be integrated into the design optimization program to carry out design optimization process.
The design optimization process is illustrated in Fig. 14 . The EFEM is used to compute the structural energy distribution and power radiated from the structural plate, which will be used as boundary conditions for EBEM to predict the noise radiation at far-field points. Using the sequential adjoint variable method, the DSA calculates the derivative of the far-field radiation noise with respect to the design variables, and all the information are utilized by the design optimization algorithm (such as SLP and SQP, etc) to search for the optimum design. The purpose of the design optimization is to reduce the noise level at far-field points at a high frequency range from 1600 to 2500 Hz with the minimum vehicle mass. The first performance measure will be selected as the farfield noise level at point P 0 . Meanwhile, since the potential optimum design could cause the increase in energy density distribution on the structural model, which on the other hand, explains the increase in structural stress level. To avoid the structural energy density increase, another performance measure should be selected to represent the highest energy density on the structural model. The computational results show that the highest energy density occurs at Node 752 of the structural energy finite element model, which will be used as the structural performance measure. As a result, the acoustic performance measure at P 0 and the structural performance measure at Node 752 are obtained at the center frequencies of the 1/3 octave bands in the range from 1600 to 2500 Hz and are listed in the Table 3 . Since the mass cost will serve as design objective, the above noise level and structural energy density will serve as design constraints. The maximum noise level occurs at f = 1600 Hz, which is 118.9 dB with reference value of 2.0E-5 Pa, so one of the constraints is to reduce the highest pressure level to 116.00 dB with reference value of 1.0E-12 J/m 2 , which means 2.9 dB reduction, equivalent to 28.4 % noise reduction. At the same time, the highest structural energy density occurs at f = 1600 Hz, which is 126.0 dB, the design optimization needs to keep the highest structural energy density level under 126.0 dB. As a result, the design constraints are to reduce the noise level at P 0 between 1600 to 2500 Hz to below 116.00 dB and keep the highest structural energy density level below 126.0 dB.
The design objective is to minimize the mass cost, which is related to both thickness and damping design variables. First of all, the vehicle mass cost is directly contributed by the thickness design variables and is expressed by
with NE as the total number of the finite elements, ρ i the mass density of the i-th finite element and h i the thickness of the i-th finite element.
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The mass cost related to damping design variables is determined by the ways of damping adjustment: Free Layer Damping or Constrained Layer Damping treatment [43] . The former is also called surface damping treatment in which a "high-loss" material (usually rubbery, asphalt, vinyl) is sprayed on, brushed on, or adhesively bonded to the panel surface as shown in Fig. 15(a) . The latter is a treatment that a relatively thin layer of damping material is sandwiched between the structure and a stiff but thin cover plate as retaining layer, such as aluminum, steel or sheet metal (Fig. 15(b) ). While the constrained layer damping treatment has better damping enhancement than the free layer damping, the free layer damping is much easier and more practical in engineering applications. For example, the asphalt sheets have been used for over 50 years in automotive, naval and aerospace industry and are still widely used because of the low material cost. On the other hand, the constrained layer damping needs additional aluminum layer for the damping treatment, and it needs to be extruded, slit and cut into preferred shapes, which requires more material and labor cost involved than the free layer damping treatment. 
Figure 15 Damping Treatments
Some researches have been carried out in the prediction of the mechanical properties of different surface damping treatments, such as the RKU analysis developed by Ross, Ungar and Kerwin [44] . It is shown that the properties of the laminated material are functions of the thickness and material properties of each layer. However, the damping materials are usually provided in standard products from manufacturers, whose thicknesses are not adjustable. Moreover, the material properties of the mostly used damping materials, including the mass density, Young's modulus, Poisson's ratio and hysteresis damping factor are unknown or largely variant in most cases. As a result, it is difficult to analytically model the damping mass directly related to the total vehicle mass cost. However, the mass contributed by the damping adjustment is proportional to the amount of damping adjustment and the area on which the adjustment is applied. To simplify the problem in this study, the mass of the damping material adjustment is assumed to be linear in terms of the damping increment and the surface area as ( )
where η i ori is the original damping on the i-th finite element, and η i is the proposed damping computed by the design optimization algorithm.
Due to the existence of two different objective functions in Eqs. (64) and (65), a multi-objective design optimization needs to be carried out instead of a single-objective design optimization. In this paper, the multiobjective design optimization problem is transformed into a single-objective design optimization problem, where the Weighted Objective Method is used to convert the multi-objective functions into a single-objective function by a weighted sum as The optimization results of Eq. (66) are infinite subject to the different combination of weighting coefficients. If the coefficients are selected at discrete set of points, a corresponding discrete set of optimization results will be obtained, which is called the Pareto Optimal set. The design engineers are expected to pick the values of the results from the Pareto Optimal set, based on different design situations. For example, if the contribution of material damping to vehicle mass can be ignored as in Chapter 6, i.e., w 1 = 1, and w 2 = 0, the optimization will be simply carried out to reduce the vehicle mass using thickness design variables; On the contrary, if the damping adjustment is not preferred compared to the thickness adjustment, i.e., w 1 = 0, and w 2 = 1, the design optimization will be carried out to reduce the damping material adjustment without considering the contribution of thickness adjustment to vehicle mass. If the contribution of material damping to vehicle mass is considered as important as the contribution of metal thickness to vehicle mass, i.e., w 1 = w 2 = 0.5, the design optimization will be carried out to search optimum to reduce both the damping and thickness adjustment under certain constraints.
Using the Weighted Objective Method, the design optimization can be carried out on the parametric design variables, including the material thickness and hysteresis damping factor of all the 11 substructures of the undersea vehicle morel. As a result, the design optimization problem is formulated as Objective: Minimize the weighted objective function
Constraints: Subject to two sets of constraints (1) Reduce Noise Level at far-field point P 0 in 1600-2500 Hz to 116.0dB where in Eq. (68), the objective functions f 1 and f 2 are normalized with respect to the maximum allowable mass and damping cost changes F 1 and F 2, which are distances between the upper and lower limits of the thickness and damping design space. The design optimization is carried out for the different combination of weighting coefficients w 1 and w 2 as shown in Table 4 and DOT (Design Optimization Tool) is used as optimization program where SQP (Sequential Quadratic Programming) is chosen as the optimization algorithm. The Pareto Optimal results are obtained and listed in Table 4 , while the Pareto Optimal set is plotted in Fig. 16 , which shows that the weighted objection function is convex, and the reduction of one objective function needs to compromise the other. 
Figure 16 Patero Optimal Set of Multi-Objective Optimization
To illustrate the optimization results, the history of the vehicle mass cost for the case when w 1 = 1 and w 2 = 0 is plotted in Fig. 17 , from which we can see that the optimization is converged after 4 iterations, and at the end of the optimization, the vehicle mass is reduced from 306 Kg to 172 Kg, a 134 Kg reduction. Such large amount of mass reduction is achieved by maximizing use of damping material, which is shown in Fig. 18 where all the damping design variables increase to the maximum allowable value. Compared with the damping design variables, the history of the thickness design variables illustrated in Fig. 19 shows that all the thickness design variables decrease to the minimum allowable value to reduce the mass, except the thickness of substructure 5, which reduces by a certain amount but does not hit the lower boundary of the design space to help keep the design constraints satisfied. 
Figure 19 History of Thickness Design Variables
The comparison of the design constraints for the far-field acoustic pressure at the original and optimum design is plotted in Fig. 20 , which shows that the highest radiation noise is reduced from 118.9 dB to 116.0 dB, equivalent to 28.4% reduction in magnitude. At the same time, Figure 21 compares the design constraints on the highest structural energy level at the original and optimum design, which shows that although the design changes causes reduction of the far-field radiation noise, the highest structural energy level is still kept below 126.0 dB, the level of the original design. 
Figure 21 History of Structural Design Constraints
The optimum design results of the thickness and damping design variables are listed in Table 5 , which provides design engineers guidance for design modification under different requirements. If the contribution of damping material to vehicle mass is ignored, then all the damping design variables will increase to the upper bound in the design space and the thickness design variables will reduce correspondingly to reduce the vehicle mass without violating the design constraints. Once the contribution of damping material to vehicle mass is considered in the total vehicle mass function, and with the increase of the weighting coefficient w 2 , most of the damping design variables need to decrease to reduce the mass contribution from damping adjustment, while the thickness design variables needs to increase correspondingly to meet the design constraints. If the contribution of metal thickness to vehicle mass is ignored, most of the damping design variables will reduce to the lower bound in the design space except the damping in substructures 5 and 6, which stays at the upper bound to satisfy the design constraints. On the contrary, all the thickness decreases to the lower bound in the design space, except that the thickness of substructures 8 and 11 increases to the upper bound in the design space and the thickness of substructure 5 decreases to a certain level above the lower bound in the design space to help satisfy the design constraints.
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VI. Conclusion
A continuum DSA of high frequency radiation problems using EFEM and EBEM is formulated and presented. It is successfully applied in the design of automotive and naval structures to search for the best material layout to achieve lowest noise level at high frequency. The DSA method presents excellent numerical accuracy compared with the finite difference results in the numerical examples of the noise radiation of automotive and naval structures in light and dense fluids, and the DSA information has been used in a multi-objective optimization of naval structure to achieve the optimum design where the structural mass is minimized and the high frequency underwater noise radiation is reduced.
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